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Abstract -The aim of this paper is to study special graphs of permutation graphs. In this paper, we introduce two kind of
permutation graphs Ge and GV/ . The first on Ge based on the number of disjoint cycle factors without the 1-cycle of

permutation is given and the second one GV/ based on ambivalent and non-ambivalent conjugacy classes in alternating

groups. Then we study some of the essential properties of permutation graphs Ge and GV/ with their permutations as the

vertices and discuss their structures as conjugacy classes in symmetric and alternating groups. In particular, we study the
connected permutation graphs and connected permutation components of graph theory. Also, several examples are given to

illustrate the concepts introduced in this paper.

Keywords: Graph theory, alternating groups, conjugacy classes, permutations, ambivalent groups.

AMS Subject Classification (2010): 20E45, 05C25, 20B30.

I. INTRODUCTION

A graph G =(V, E)is connected if there is a path

from any point to any other point in the graph [3]. A
graph that is not connected is said to be disconnected.

For two vertices V, and V, (V; #V,), the distance
between V; and V,is the number of edges in a

shortest path joiningV,and V,. The diameter of

graph G is the maximum distance between any two

vertices of G . An edge between just one vertex is
called a loop [5]. The study of permutations and
combinations is at the root of several topics in
mathematics such as graph theory, number theory,
algebra, and many other specialties.Any pair of

permutations A and £ in S, are conjugate iff they
have the same cycle type [2]. The conjugacy class of
B €S, is referred by C“(f), where C* depends
on the cycle partition « of its elements. If this class
splits into two conjugacy classes of A, we denote

these by C“*. So A, is ambivalent group iff each
C* in A,
B =, K,y,....K, ), then |ﬂ|:rand we obtain

a(B)=a(f?). since (K,K,,...,k )" =

(K.,....,K,,k;), every permutation in S_ is

n
conjugate to its inverse, and the groups in which each
element is a conjugate of its inverse are called

ambivalent, we can see that S is an ambivalent
group,but that is not true in general for alternating

of are ambivalent.If

group A, where if we assume
0 ={1,2,5,6,10,14} we have (An ,Ne0) are

ambivalent groups and (An, Ng @) are non-

ambivalent ~ ones  [6].Suppose,  first,  that
B eSS, —{&. Thensupp(B), the support of B, is
the set {l € Q|B(1) #Gwhere Q={12,...,n}.
So we say [ and A are disjoint cycles iff
supp(B) Nsupp(A) = @ [6]. In recently years, the

permutations have been researched in many fields
like algebras, topological spaces and others see ([9]-
[16]). In this work we applied permutations in graph
theory, we studied special graphs of permutation
graphs and introduced two kind of permutation

graphs G and G, . The first on G, based on the
number of disjoint cycle factors without the 1-cycle
of permutation is given and the second one G,

based on ambivalent and non-ambivalent conjugacy
classes in alternating groups. Then we study some of

the essential properties of permutation graphs G, and
G, with their permutations as the vertices and

discuss their structures as conjugacy classes in
symmetric and alternating groups. In particular, we
study the connected permutation graphs of graph
theory. Also, several examples are given to illustrate
the concepts introduced in this work.

Il. PRELIMINARIES
We now begin by recalling some definitionswhich are
needed in our work.
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Characteristics of Permutation Graphs using Ambivalent and Non-Ambivalent Conjugacy Classes

Definition 2.1: [17, 18]
Each A €S, can be written as y,7,....7(;, - With

y; disjoint cycles of length «;, and C(A) is the
number of disjoint cycle factors including the 1-cycle

of A. A partition a=a(l)=
(ay(A), 05 (1), a5y (A)) s called cycle type of
A

Definition 2.2: [2]

Let « be a partition of N . We define C* < S, to be
the set of all elements with cycle type o . Also, we
denotedto C* by C*(3),iff € C“*.

Theorem 2.3: [4]

Let fe€C%in S, (N>1). Then C*(B) does
not splitiff either the nonzero parts of o(f3) are not

all different or some of them are even. (C“ ()

splits into two A, -classes C “* of equal orderin any
other case).

Definition 2.4: [20, 21]A graph G is a pair (V,E),
where V is a finite set and E is a collection of

unordered pairs in V xV . The elements of V are
referred to as the vertices of the graph and the
elements of E are referred to as the edges.

Definition 2.5: [7, 8] A graph G=(V,E) s
connected if any of vertices X, Y of G are connected

by a path in G ; otherwise, the graph is disconnected.
Some of Results on Permutations 2.6(see [6])

@) (k;,k,,.... k) € An < I isodd.
(Z)ﬂeAn & n-c(pB)is

even , SO

sgn( ) = (-1)" 7P,
(3)|ﬂ| =l.cm{e, (B):1<i<c(p)}, the order of a

cycle g is equal to the least common multiple of the
set{a; (B):1<i<c(p)}.

(4) If £ and A are even
uAeA Also, u is conjugate to AinA, (i.e

permutations, then

UacA), if there exists even permutation 3 € A,
A

such that Suf™ = A.

(5) A, is ambivalent if and only if (1 A™), for

An

any AinA, .
(6) supp(u) Nsupp(A) = ¢ <

supp(z ™) Nsupp(A™t) =¢ < pand A are
disjoint cycles.

() 1f supp(z) Nsupp(A) =¢ , then uA=Au.
Theorem 2.7: [4]
A,

For any AeC"UC"in let
o (L) ={a,|a, =3 (mod 4);Va, of a(l)}

. Then C** are ambivalent if and only if |@(A) |is

even.
Lemma 2.8: [1]

ALA, A A, Agand A, are the only ambivalent
alternating groups.

I1l. CHARACTERISTICS OF PERMUTATION
GRAPH

Definition: 3.1
Let 7,7,....7T 5 be a product of the disjoint cycles

with 7,7,...7, ;) =A €S, . We say C(A) is the

number of disjoint cycle factors without the 1-cycle

of 1.
Remark: 3.2

For any permutation A in symmetric group S, we
have C(1) >C(A).

Example: 3.3

Let A= 6)(2 3)(59) €S,.
c(B)=7>3=c(p).

Definition: 3.4

Let (S, ,o) be a symmetric group. Then for any two

Then

permutationsy,A € S, we say they are adjacent

n?
under & and denoted by (,A)°n, for some
permutations.  This
anyy # A €S, iff

characterization © on term

(y,2)° is  hold
o(y)=0(A). Also, (A,A)% is hold for any
AeS, iffo(A?)=0(1).

Example: 3.5
Lety = (1 15)(2 12)(11 9)(13 8)

A=(2 11)(10 7)(51 6)(3 9 14)be
permutations in symmetric group S,z and let 0=C .
SinceC(y) =4=C(A), then ¥ and A are adjacent

under € [ie, (7,4)%s].
Definition: 3.6
Let(S,,°) be a let

H, ={4 |1=1...,K;A #¢€} be a subset of

S, where € is identity permutation of symmetric

for

and
two

symmetric group and

groupS,. A permutation graph G, is a pair

(H,,E),where E is a collection of unordered
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Characteristics of Permutation Graphs using Ambivalent and Non-Ambivalent Conjugacy Classes

pairsin H, x H . The elements of H, arereferred  first edge of the sequence and A; is in the last edge

to as the vertices of the graph and the elements of E of the sequence.
are referred to as the edges. Also, any two vertices

Ay, A; in H, are adjacent (y,A)%iff ~ Example:3.9
_ LetHg ={1,,A,,4,} be a subset of Sg , where
(4;,4;) € E. Also, (4;,4;) is called a loop under
_ _ ) A; is defined by
Oiff(4,4) € Elie.0(47) = 0(4)1 A =( i+1),v1<i<3. Then
Example: 3.7 C(A,)=2,V1<i<3. Therefore, in Figure 2 the
LetG, =Ggand  Hyy ={A,4,,.... 4} be a  path (A, 4,)(A,, A3) from A, to A5 .Also,
subset of Sy, where A; is defined by €(4°)=0%2,v1<i<3. So, this permutation
(i 141),if iis prime number, . graph has no loop.
.= , r
") G i+D)@3-i 13)ifwo. |
all1<i<7.
Then ]
C(4)=C(4) =C(4s) =2,C(4,) = C(4s) = C(4s) =C(4;. 5 1 \
Also, €(4,°) =0,V A, € H,,. So, there is no loop
[since C(Aiz) + C(Ai), Vj,i c H13]_ Then Figure 2: A path from vertex 2’1 to vertex 13.

E={(4, 4), (4, 46), (A4, 46), (A2, A43), (A A5), (Besidriddokda: b5 ): (As: A7), (451 A7)}

We say a permutation graph is permutation connected

We represent a permutation graph G, with the if for every pair of vertices there exists a path

. A between them. All the permutation graphs we have
picture in Figure 1. seen so far are permutation connected. A permutation
disconnected graph consists of multiple connected
pieces called permutation components.
Example: 3.11
See example (3.5), we have Figure 1 shows a
permutation graph that is not permutation connected
A a7 with 2 connected permutation components.

a2

Remarks: 3.12
LetH, ={4,,A4,,..., 4} be a subset of S, and

13 G& =G6.Then;

1. G, is a permutation connected graph if and only
if 0(4)=0(2;), forall 1<i, j<k.

2. G,has at least two connected permutation
components if and only if 0(4;) # 0(4,;), for
somel<i, j<Kk.

3. G,is a permutation disconnected graph if and
only if 6(4;) # d(4,), for somel<i, j<Kk.

Al

ad AG
Figure 1: A graph with 7 vertices and 9 edges.

Definition: 3.13

Remark: 3.8 Let S €S, , we define image [ under the map
Two edges are adjacent if they share a common 1, if B ﬂ_l
vertex. A path from A, to ﬂ,j in a permutation graph w S, —>{0by y(B) = A

is a sequence of adjacent edges such that A is in the 0, if OW.
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Lemma: 3.14
LetH, ={4,A4,,..., 4} be a subset of S, and

G, =G,. ThenG,is a permutation connected

graphif A, ¢ A, forall 1<i<Kk.

Proof. A e A, 1<i<kand
G, =G, then 9(4;) =0 forall 1<i<k

and this implies thatG,is a permutation connected
graph.

Since for all

Lemma: 3.15

LetH, ={4,,A4,,..., 4} be a subset of S, and
G, =G, . Then G,is a permutation connected
graphif n€ 68 ={L,2,5,6,10,14} .

Proof. Assume that N e 8 ={1,2,5,6,10,14} and
G, = GV, ,
0(4;) =1 for all 1<i < kand this implies that G,
is a permutation connected graph.

then by lemma (2.8) we consider that

Lemma: 3.16
LetH, ={4,,4,,..., 4} be a subset of S, and

G, =G, . Then G,is a permutation connected
graph if for anyl<i<k, the partition
a(4) = (ay,a,,...,a.,,) such that |@(4;)is
even.

Proof.

Assume G, =G, and for anyl<i<k, the
partition  at(4;) = (@, @5,...,Q,;,,) such that
|@ (A;) |is even. Then by lemma (2.7) we consider
that 0(4;) =1 for all 1 <i < kand this implies that

G, is a permutation connected graph.

Lemma: 3.17
LetH, ={4,,4,,..., 4} be a subset of S, and

G, =G,. ThenG,is a permutation disconnected
graph if for some 1<1i# j<Ksuchthat A, ¢ A,
and |@ (4;) |is even for a(4;).

Proof. Suppose that for some 1 <1 # | < Ksuch that
A & Ajand  |@(4)[is evenfor a(A;) Since
A & A, for some 1<i<kandG, =G, .Then
0(4;) =0. Also, since |@ (4;) |is evenfor a(4;)

Thus O0(4;) =1 . Therefore, we have neither

0(4;)=0 forall 1<i<k nor d(4;) =1 for all
1<i<k .Hence G,is a permutation disconnected
graph.

Remark 3.18
By above lemma we have the permutation

disconnected graph GV, has at least two connected
permutation components.

Lemma : 3.19

LetG, = (H,,E)
permutation  graphs.
A # A; € H, we have:

(1) If 4, =4, then C(4) =C(4;).

Sn

andG, = (H,,E")be two

Then for any pair

() If A=A, theny (4,) =w (4;)and
Ay
C(A4)=¢(4,).
Proof: (1) Suppose that 4, ~4;, then they have the

Sn

same structure in symmetric group S, . That means
they have the same partition. Therefore, we consider
thata (L) = a(4;) =

(al(ﬂf)’az(ﬂi)’ac(}H)(ﬂ()):(al(ﬂj)’az(ﬂj)’ac(,lj)(ﬂ']))
This that  c(4;) =c(4;) =m>1land
a (4) =a (1)), vi<k <m. Then
E(4)=¢€(2,).
(2)Also, A

implies

it Aadj.) then AT xAT
A Ay
Now, eithery/(4,)=1or w(4)=0,

when w(4) =1, we have A ~ A, but from (ii)
A
...... (iii) (since

~
~

. -1 .
we consider A; ~ 4, is a

Ay

transitive). From (i) (4 ~A4; = 4; ~4;) and (iii) (
Ay
ﬂ,j_l), we  get A zﬂ,j_l.
An An
w(4)=1=w(4,). Furthermore, if y(4)=0,

A

Then

~
~

we consider that A, and /”Li_l are not conjugate in
alternating group  A,, let w(4;)#0, then

-1 .. .
w(4;)=1and hence A, :ﬂ,j . This implies that
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Characteristics of Permutation Graphs using Ambivalent and Non-Ambivalent Conjugacy Classes

A ~A;). That means y(4.) =1.
n
But this contradiction. Therefore y(4;) =0 and

A ! (since

A

= U

hence w (4;) =0 =w(4,) . Finally, since 4 x4,
Ay
, then they have the same structure in alternating

group A, . That means they have the same partition.

Therefore, we consider that a(4;,)=a(;)=

(0, (A, 0y (A )yeens @iy (A)) = (0 (), 05 (A),
This implies that c(4;) =c(4;) =m > land

a (4) =a(4;), vi<k <m. Then
c(4)=c¢(4,).

Theorem 3.20:

LetG, =(H,,E)be a  permutationgraphand

H,=C*“ UC*, where C** are the conjugacy
classes of A,. Then G, is a permutation connected
graph if 4| (a; —1) for each parts «; of o for any

the partitionof S e H, .

Proof:
In the first we need to prove that for each permutation

BinC“ or C*"is conjugate to its inverse in A, (

ief~B). L €C%of
An

B = MA,s. Ay A are disjoint cycle factors and
|< A >| =a; , (1<i<c(p)) = foreach A, we
have A, = (b, b, ,....b's). So, 4](e; -1 =
(& -1)

Let S, where

=M e Z (integer
-1

(;

number)

:MZZM N

iS even number.

Let 41, = (03,b} )(05, b} ,)(b}.bL, ,)..... then

we have 1, A, 1. = 2™ .Now we want to show that

Ui is an even permutation ( 1.6 u; € A,)since L,

(a; -1)
2

is a composite of (The number of

transpositions is even)=> u;, € A,. So for each

A [L<Li<gce(p)), 3w eA, such that

:uiﬂ'i:ui_l =27 Let  u = pyptyefegpy) =
ue A (from 26 (4). Also, since A,
@<i<c(p) disjoint cycles, then

for each

supp(4 ) Nsupp(27;) =9,
@<i=j<c(B)). Ifsupp(u;)Nsupp(y;) #

@or  supp(u;) Nsupp(4,) # ¢ for some
@<i=j<c(B)=3TbefL2,..,n} such
that b e supp(4, ) Nsupp(A?j)for  some

(@<i# J<c(B)) (but this contradiction). Then
supp() Nsupp(u;) = ¢

and

Supp (A Ypupp(4;) = ¢

VA<i= j<c(B)) = wip; = pju; and
pid; = A, p; foreach (1<i= j<c(B)).so
FE™ = B e R s s Bl
= -~-ﬂc(ﬁ)ﬂqﬂ~2'-';Lc(ﬁ)ﬂc(ﬂ)_l ---/Uz_l.ul_l
= Myl Mgy AP Moy Repy ey bt
= ,Ltlyz...,uc(ﬂ)_lﬂ.liz...Ac(ﬂ)_l...,uz_lyl_l =
A0 gy =gy 2l =g = B

Finally for each
BeC?=C* UC* = BeC*afeC”,
there exists even permutation g € A, such that

1

uPu = B, soBis conjugate to its inverse in
A . Then w(B)=1, for all S e H,_ and hence

G , 1S @ permutation connected graph.
Corollary 3.21:

LetG, =(H,,E)be a permutation graph and
H, =C%(B), where Nn>1andC*(f) is

conjugacy class of S, . ThenGV, is a permutation

a

connected graph if
(i) The nonzero parts of «(f) are different and
odd.

(i) 4| (a; —1) for each parts ; of ax(3).

Proof: Since the nonzero parts of «(f3) are different
and odd, thusC*(f) splits into two A, -classes
C“* by [Theorem (2.3)]. Then H, =C“*UC*"
, but 4| (a; —1) for each parts a; of o for the
partition of [3 Hence G, is a permutation connected
graph by [Theorem (3.20)]

Example: 3.22: LetG,, = (H,;, E) be a permutation
graph and H.=C“(p), where
p=06)L 32915(121341011857 14
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is a  permutation  in Sis. Then
a(B) =(ay,a,,a3)=(1,5,9). Therefore

C*(B) splits into two Ag-classes C** . So,
Hy,=C“"UC*, but 4|(a; -1 for all

(1=123). Then C**are ambivalent in A and
henceGV, is a permutation connected graph [since
v(4) =1, AeHgl
anypermutation A in Hswill be as the form

A=(2y,8,,85,8, 35,3, 8,8,3) 0,1,,0,,b,, b)) €
H,s . that

% =(81,30,8,8;,3,8, 8,3, 3) 0,0 1,0,0,)€) €Hyg
too. But H,; splits into two A -classes C“* by

[Theorem (2.3)] and C** are ambivalent by

[Theorem (3.20)]. Then A* ~(A*)™" and this
A5

implies that w (A%) =1, for all 2 € H ;. However,
v(1)=1 AeH,. That
w(A?) =y (A) for any 1 € H,, and hence there

for all Also, for

In other side, we consider

for all means

I I
are |Hy |= - = @5 29059430400) Toops,
ol b LE
where ‘C = Z—Wlth z, = H rr(c,)!and
r=1

¢, =c,"(B)=fi:a; =r}(see Bump, 2004).
Also, if G, = (H,,E) is a permutation graph and
H,=C“(B), wheref=(13245) is a
S;. Thena(p) = () =(5).
ThereforeC* () splits into two Ag -classes C ** .

permutation in

We can show each one of these classes C** with
their permutations as following:

C(B)=1p=(12354).5,=(15423),5,
=(12543).8,=(13245).5 =14532),
B.=(14253),4 =(13524),4 =(12435).,
=(14325),8,=(15234),

P, =05342), B,=(13452)}.
C*(B")={B:=(12345),5,=(15432),p;:
—(12534),8,=13254),58,=(14523),

1818 :(14 35 2)1

f,=015243 3,~(15324) 3, (13429 5,~14235),
P=013542),5,,=(12453),}.

Where B =(12534) and for any permutation
(a;,8,,85,8,,85) € C*7(B) we
(a,,8,,a5,8,,8,) € C* (B") (see [19]). In other
words, H, =C“*UC*", but 4|(e; —1). Then
Asand henceG, is a

permutation connected graph [sincey (1) =1, for all

have

C“%*are ambivalent in

A € Hc]. Also, for any permutation A in H will
be as the form A =(a;,a,,a85,8,,85) € Hg. In
other side, we consider that
2’ =(a,,a,,8,,8,,8,) € H, too. ButH; splits
into two A -classes C** by [Theorem (2.3)] and
C“* are ambivalent by [Theorem (3.20)]. Then
A%~ (A*)™" and this implies that y(A*) =1, for
A5
all A eH,. However, w(A4)=1 forall AeH,.

That means w (A*) =y (1) for any A €H, and
it _ )1
5

hence there are | H, |= = (24) loops [see

a

figure (3)].

Figure 3:A graph has two connected permutation components.

Lemma 3.23:
LetG, =(H,,E)be a

Hn =Ca(ﬂ)UCa(l),Where n>1, ﬁ,ﬂ, are

even permutation in S, . Then G, is a permutation

permutationgraphand

disconnected graph if
(i) The nonzero parts of «(f) are different and
odd.

(ii) 4 does not divided (; —1) for some parts «; of

a(p).

(iii) 2| ; for some parts ; of ct(A4).
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Proof: Since the nonzero parts of «(f3) are different
and odd, thenC“(f3) splits into two A, -classes
c* by  [Theorem  (2.3)].  Then
H, =C**UC* UC*(A) , but the number 4
does not divided (; —1) for some parts o; of
a(p) . Then C*"and C* are non-ambivalent A,
-classes. That means [ is even permutation exists in
one of these classes and ﬂ_l exists in the other,
therefore w(f)=1. Also, since 2|a;for some
parts ¢, of (). Then ; is not odd for some parts
a; of a(A).Hence C*(A) is not splits into two A,
-classes C“*. Then the cojugacy class C*(A) in
S

is the same in A, . That means A~ A ( since
An

A A7t forany A €S, ).Hencew (1) =0. Then

Sn

n

w(B)#w(4) and hence G, is a permutation
disconnected graph.

Corollary 3.24: LetG,, = (H, E) be a permutation
graph and H_ =C*(B)UC* (1), where N >1,

B, A are even permutation in S, . ThenG, has

exactly two connected permutation components if
(i) The nonzero parts of ¢() are different and

odd.
(ii) 4 does not divided (; —1) for some parts «; of

a(p).

(iii) 2| ; for some parts ; of ct(A).

Proof: By [Theorem (3.23)], we consider that G, is a
permutation disconnected graph and for any
permutation L e H, =C*(B)UC* (A1) we have
either L€ C*(B) or L € C*(A) . This implies that
either (A1) =Lory(A) =0. Hence there are only
two connected permutation components.

Example: 3.25: LetG, = (H,,E)be a
permutationgraphand H,=C*“(B)UC"(y),
where f =(2)(L34),A=(23)(14) are even

permutation  in S,. Then G, has exactly two
connected  permutation ~ components  (Since
VieH,, we have either [w(A)=0, if

2eC(P)] or [w(A)=1 if 2eC*(y)]

ywhere C*(B)={ B, =4)(123), B, = (3)(124),
Bs= H(32), B, = (2(134), Bs= (3)(142),
Bs = ((143), B; = (1)(234), Bz = (1)(243)}
and C*“(1)={A4 = (12)(34), 4, = (13)(24),
Ay = (23) (14)}. That means the first subset

C*(B)={B, |1<i<8} of H, contains all the
vertices of the first connected permutation component
and the second subset C*(y)={4,,4,,4,}of

H, contains all the vertices of the second connected
Also, (4;,4;) € E and

(ﬂi’ﬂj)eEa for any
4,4, €C(y) & B;, B; €C“(B). Therefore,
G, =(H,,E)has two permutation subgraphs.
However, (1;,8;) ¢ E and (B;,4;) ¢ E for any
A;€C(y) & B €C"(B)

w(4;) =y (B;)] That means there is no path
between these two permutation subgraphs. Also,

permutation  component.

[Since

0,if AeC”

since (A7) = I_ <C*(h) ,VleH,,
1Lif AeC”(y)

then there are

|H, = C“(B)|+|C“(y) |=8+3=11 loops in
the permutation graphG,, = (H,,E).

A
%@@
S

o . O
N
=
%/

i

O
O

Bs

o N

Figure 4:A graph has two connected permutation components.
CONCLUSION

For any permutation ¥ in symmetric group the new
operations C() and y(y)have been introduced in

this work to investigate new permutation graphs G
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andGV,. Next, we study some of the essential

properties of permutation graphs G andGV, with

their permutations in as the vertices and discuss their
structures as conjugacy classes in symmetric and
alternating groups. In particular, we study the
connected permutation graphs of graph theory. In
future work, new classes of super-connected
permutation graphs will be given and new
equivalence relations will be found to partition the set

H, < S, into equivalence classes C;,C,,...,C,,
the

equivalent iff there is a path from ¥, to y,and

under relation that wvertices ¥, and ¥, are

another from y, to y;.
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