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Abstract— In this paper, a Boundary Element Method (BEM) is developed for analysis of moderately thick laminated plates 
modeled by Mindlin’s theory. Laminated plates are composed of orthotropic layers where shear deformation is considered. 
The governing equations are three coupled linear partial differential equations of second order with three physical conditions 
along the plate boundary. The present method is achieved using the concept of the analog equation method (AEM). 
According to this principle, the original governing equations are replaced by three uncouple Poisson’s equations with 
fictitious sources under the same boundary conditions. The fictitious sources are established using a technique based on the 
BEM and approximated by radial basis functions series. The present method has the advantages of the BEM in a sense that 
the discretization and integration are performed only on the boundary. To validate the effectiveness, accuracy as well as the 
applicability of the proposed method, numerical results of plate problems are presented. 
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1. INTRODUCTION  
 
Composite laminates are formed by stacking layer of 
different composite materials and/or fiber orientation. 
Laminated plates consisting of various layers of 
different mechanical properties gives the designers 
the opportunity to increase the strength, stiffness, 
minimize the weight and thus optimize the design 
according to the structural requirement. 
Analyses of composite laminated plates have been 
primarily based on two approaches: (1) Equivalent 
single-layer theories (2-D) using classical laminated 
plate theory or shear deformation laminated plate 
theory. (2) Three-dimensional elasticity theory (3-D) 
using traditional 3-D elasticity formulations or 
layerwise theories. The equivalent single layer (ESL) 
plate theories are derived from the 3-D elasticity 
theory by making suitable assumptions concerning 
the kinematics of deformation or the stress state 
through the thickness of the laminated plates. These 
assumptions allow the reduction of a 3-D problem to 
a 2-D problem. On the other hand, each layer is 
modeled as a 3-D solid in the 3-D elasticity 
formulations or in layerwise theories. 
As the plate thickness increases, the assumptions of 
the Kirchhoff theory or classical plate theory are 
violated and shear deformation plate theories are 
needed. Mindlin [1] was among the first who 
presented the plate theory which take into account the 
shear deformation of moderately thick plates. 
Mindlin’s theory can be considered as the first-order 
shear deformation theory (FSDT). 
Analytical solutions of thick laminated plates have 
been presented only for simple boundary conditions, 
plate shapes, and external loading [2-3]. However, 
solution for realistic plate problems can be obtained 
by numerical methods such as finite element method 
(FEM) [4]. J.N. Reddy and W.C. Chao [5] developed 
exact closed-form for both of anisotropic and 

laminate rectangular thick plate. A finite element 
model based on the YNS theory was also computed. 
More recently, the boundary element method (BEM) 
has been proven to be a powerful solution for 
engineering problems. However, a few work of BEM 
for analyzing laminated plate problems have been 
reported due to their mathematical difficulty. Static 
analysis of thick layered anisotropic plates with BEM 
has been proposed by Baboukos and Katsikadelis [6]. 
In their formulations, the domain integrals are 
approximated by using linear triangular elements. 
In this research we study a bending problem of 
moderately thick laminated plates modeled by 
Mindlin’s plate theory. The boundary element 
method is developed in conjunction with the concept 
of Analog Equation Method (AEM) [7]. The 
governing equations are three coupled linear partial 
differential equations of second order with three 
physical conditions along the plate boundary and 
written in terms of the transverse deflection of the 
middle surface and it rotations about the x and y axes. 
According to the principle of AEM, the original 
governing equations are replaced by three uncouple 
Poisson’s equations with fictitious sources under the 
same boundary conditions. The fictitious sources are 
established using a technique based on the BEM and 
approximated by radial basis functions series. The 
present method has the advantages of the BEM in a 
sense that the discretization and integration are 
performed only on the boundary. No limitations on 
boundary conditions, plate shapes, and external 
applied loads are presented in the proposed 
formulations. Numerical results of thick laminated 
plate problems are given to demonstrate the accuracy 
and applicability of the present method. 
 
2. FORMULATION OF THE BOUNDARY 
VALUE PROBLEM  
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As can be seen from the above two examples, it is 
clear that the present numerical results are in good 
agreement with those obtained from the analytical 
solutions and other numerical solutions (FEM and 
AEM). Thus, the validity of the proposed method are 
confirmed. 
 
CONCLUSTIONS  
 
In this paper, a Boundary Element Method has been 
developed for analysis of thick laminated plates. The 
present method is based on the concept of the analog 
equation, which the original governing differential 
equations are substituted by three uncoupled 
Poisson’s equations with fictitious sources under the 
same boundary conditions. The formulation has no 
limitations on plate shapes and boundary conditions. 
The following conclusions can be drawn from this 
study: 

1. As the method is boundary-only, it has all 
the advantages of the pure BEM, i.e. the 
discretization and integration are performed 
only on the boundary. No subdomains or 
background cells of the problem domain are 
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required in either the interpolation or 
integration.  

2. The known fundamental solution of the 
Laplace equation is employed to derive the 
integral representation of the solution. Thus, 
the kernels of the boundary integral 
equations are known and can readily be 
evaluated.  

3. Accurate numerical results for the 
displacements and the stress resultants are 
obtained using Thin Plate Splines (TPSs) as 
radial basis functions. Therefore, no 
additional parameter is required to obtain the 
solution.  

4. The concept of the analog equation in 
conjunction with radial-basis-functions 
approximation of the fictitious sources 
renders the BEM a versatile computational 
method for solving difficult engineering 
problems. It depends only on the order of the 
differential equation and not specific 
differential operator which governs the 
problem under consideration.  
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